Abstract. Motivated by a great deal of interest recently in operators that may not be densely defined, we deal with regularized semigroups and integrated semigroups that are either not exponentially bounded or not defined on [0, ∞) and generated by closed operators which may not be densely defined. Some characterizations and related examples are presented. Our results are extensions of the corresponding results produced by other authors.
Introduction. Let X be a complex Banach space and let
To deal with the ill-posed abstract Cauchy problem, two approaches have been established and achieved great success. Davies and Pang [4] introduced the concept of exponentially bounded C-semigroups (which is equivalent to the concept of R-semigroups of exponential growth introduced by Da Prato [3] ). About the same time, Arendt [1] introduced the concept of integrated semigroups (for the exponentially bounded case, see also [11] ).
As regards the theory of strongly continuous semigroups and cosine operator families and their applications, in addition to the monograph [6] , the interested reader may consult the monographs [5] and [12] ; for the theory of regularized semigroups and integrated semigroups and their applications, the monograph [8] is of importance.
The purpose of this paper is to present several Hille-Yosida type theorems for local regularized semigroups and local integrated semigroups generated by closed operators which may not be densely defined, and consider the local abstract Cauchy problems for two cases of the first order (see also [8] and [10, Theorem 3.3] , where the abstract Cauchy problem was systematically studied).
To simplify our statements, we will consider the following abstract Cauchy problem in Sections 3 and 4:
u (t) = Au(t), t ∈ [0, T ], u(0) = x, where 0 < T < ∞ is given. As regards (ACP, T ) with 0 < T ≤ ∞, we will make a remark at the end of Section 3.
The paper is organized as follows.
In Section 2, we introduce some basic concepts and properties for local regularized semigroups; the corresponding concepts and properties for the global case can be found in [8] and [10] .
In Section 3, we concentrate on establishing several Hille-Yosida type theorems for local regularized semigroups. Since we mainly consider the local case generated by closed operators, a new approach, distinct from the usual ones, is necessary. In particular, to reach our target, we have to "split" the quasi-C-resolvent (Definition 3.1) of the generator into two parts, where Arendt's vector-valued version of Widder's theorem for the Laplace transform is applicable to the first part, and the second part vanishes eventually (Theorem 3.2). When the generating operator is densely defined, although the asymptotic C-resolvents introduced in [14] become efficient, in our approach (Theorem 3.4) we do not have to assume that the range of C is dense in X, which plays a crucial role in [14] .
In Section 4, we deal with local integrated semigroups. Since we are able to apply the approach of Section 3, the results (Theorem 4.2) produced in this section are different from the corresponding ones established in [14, §4] .
In the last Section 5, we present several examples to illustrate the applications of the theorems established in Sections 3 and 4.
Throughout, C is the complex plane; X is a complex Banach space; B(X) is the algebra of all bounded linear operators on X; A is a closed linear operator on X; C ∈ B(X) is always assumed to be injective. For a linear operator S, D(S) and Im(S) are the domain and image of S, respectively, while (S) and σ(S) are the resolvent set and spectrum of S, respectively.
Basic concepts and properties.
We start this section with the following lemma. (i) γ is infinitely differentiable and
(ii) There exists a function F : [0, ∞) → X satisfying F (0) = 0 and
Definition 2.2 [8, 10, 15] . Assume A is closed, C ∈ B(X) is injective and k ∈ N ∪ {0}. A local mild k-times integrated C-existence family for A is a strongly continuous family
Definition 2.3 [10, 15] . Let A, C be as in Definition 2.2 and k ∈ N. A strongly continuous family
The basic properties of nondegenerate local k-times integrated C-regularized semigroups, appearing in the following proposition, are similar to the well known properties of C-regularized semigroups (see [8] , [10] ).
Throughout, we will only consider the nondegenerate case and omit the term nondegenerate for simplicity. 
Proof. (i) follows from W (t)A ⊆ AW (t) and
(ii) Differentiating both sides of 
3. Hille-Yosida type theorems for local once integrated C-regularized semigroups. In this section we present several Hille-Yosida type theorems for local C-regularized semigroups and local once integrated Cregularized semigroups, and consider the local abstract Cauchy problems.
where U (λ)x is infinitely differentiable in λ > ω for all x ∈ X and there exists M > 0 such that
A quasi-C-resolvent of A will be simply written as R(·) in some cases.
Theorem 3.2. Assume A is closed and C ∈ B(X) is injective. Then A is a subgenerator of a local once integrated C-regularized semigroup {W (t)} t∈[0,T ] that is Lipschitz continuous if and only if
Here we assume that M is the same constant as in Definition 3.1.
Proof. Necessity. It is evident that the function
is infinitely differentiable and satisfies (3.1) by Lemma 2.1. Define
We now show that R(·) is a quasi-resolvent of A. (a) and (b) of Definition 3.1 are clearly true with ω = 0. To prove (c), we use integration by parts to find
where
For λ ≥ n/T , we have
Here we used the fact that the terms in n−1 k=0 are increasing for given λ ≥ n/T as k increases from 0 to n − 1. Hence the value of n−1 k=0 is no more than n times the last term. Thus (3.4) is true. From (3.3) and (3.4), U (·) satisfies the inequality in (c) of Definition 3.1 and R(·) is therefore a quasi-C-resolvent of A.
Sufficiency. From (3.1) and Lemma 2.1 there exists
From (ii) of the present theorem and (c) of Definition 3.1, we have
respectively. Therefore
Since A is closed, we can differentiate both sides n−1 times in λ and multiply the resulting relation by (−1)
For given t ∈ (0, T ), let v ∈ (0, t] and set λ = n/v, then define
and define I j,n (0) = 0 for j = 0, 1, 2, 3. From (3.2),
which, combined with I 0,n (0) = 0, approaches zero uniformly for v ∈ [0, t] as n → ∞. Here we note that the terms in n−1 k=0 are also increasing. Hence
Given 0 < ε < 1, with the help of the relations
and the method applied in [12, p. 34], we find
Here we recall that t ∈ (0, T ) and I 1,n (0) = F (0) = 0. Therefore
To deal with
. Using integration by parts, we have
By an argument similar to one used in the proof of (3.8), we can show that
As regards I 3,n (v)x, we have
Here we also recall that t ∈ (0, T ) and I 3,n (0) = 0. Therefore
Combining (3.7)-(3.10) shows that, for t ∈ [0, T ),
Since F (·) is continuous on [0, T ] and A is closed, (3.11) remains true for
We now show that for every x ∈ D(A), F (t)x ∈ D(A) and AF (t)x = F (t)Ax. From the hypotheses in (ii) we have
Since R(λ)Ax = AR(λ)x, instead of (3.5), we have
Hence, instead of (3.6), we have
and, instead of (3.8), the following holds:
This, combined with (3.7), (3.9) and (3.10) where all x's are assumed to be in D(A), gives rise to
From (3.11) and (3.12),
A being closed, we can differentiate both sides in t to find AF (t)x = F (t)Ax. Set W (t) := F (t). From Lemma 2.5, {W (t)} t∈[0,T ] is a local once integrated C-regularized semigroup having A as a subgenerator.
It is worthwhile to mention that, instead of (3.9), we can show that the following is true in the strong operator topology:
The details are omitted.
The following definition can be found in [14, Definition 2].
Definition 3.3. Assume A is closed, C ∈ B(X) is injective and ω ∈ R. A family {L(λ)} λ>ω ⊆ B(X) is called an asymptotic C-resolvent of
The following theorem deals with the case where A is closed and densely defined. As indicated in Section 1, in our approach, it is not necessary to assume that Im(C) is dense in X. This is more general than the Hille-Yosida type theorem appearing in [14, Theorem 2.1].
Theorem 3.4. Assume that A is closed and densely defined , and C ∈ B(X) is injective. Then A is a subgenerator of a local C-regularized semigroup {W 0 (t)} t∈[0,T ] if and only if there exists an asymptotic C-resolvent
Proof. Necessity. Let {W 0 (t)} t∈[0,T ] be a local C-regularized semigroup having A as a subgenerator. Define 
From Definition 3.3,
Repeating the argument of Theorem 3.2 we find that
F (s)x ds ∈ D(A) and
A t 0 F (s)x ds = F (t)x − tCx ∀x ∈ X, t ∈ [0, T ],
and that F (t)A ⊆ AF (t). Set W (t) := F (t) for t ∈ [0, T ]. Then {W (t)} t∈[0,T ]
is a local once integrated C-regularized semigroup having A as a subgenerator. Since A is densely defined, from Proposition 2.4(vi), W 0 (t)x := (d/dt)W (t)x is a local C-regularized semigroup having A as a subgenerator.
Remarks 3.5. (i)
We now show that the asymptotic C-resolvent appearing in (3.13) is consistent with that in (3.14). In fact, integrate the right-hand side of (3.13) by parts to find
If we define
which is given in (3.14).
(ii) It is also clear that in Theorem 3.2, if A is densely defined, the operator L(λ) defined there coincides with that in Theorem 3.4, hence L(λ), in both Theorems 3.2 and 3.4, is different from R(λ) in Theorem 3.2, that is, a quasi-C-resolvent is different from an asymptotic C-resolvent.
(iii) As regards the local once integrated C-regularized semigroups defined on [0, T ), instead of Theorem 3.2, we have Proof. Necessity. Instead of the operator-valued functions defined in the proof of Theorem 3.2, we now define, for given τ ∈ (0, T ),
and, for all λ > 0,
Using the proof of the necessity of Theorem 3.2 we can show that (i) and (ii) of the present theorem are true. Sufficiency. For given τ ∈ (0, T ), from Lemma 2.1 there exists
Using the proof of the sufficiency of Theorem 3.2, we can show that {F τ (t)} t∈[0,τ ] is a local once integrated C-regularized semigroup having A as a subgenerator by Lemma 2.5. From Proposition 2.4(v), for 0 < τ < τ < T , we have F τ (t) = F τ (t) whenever 0 ≤ t ≤ min{τ, τ }, that is, F τ (t) is independent of τ whenever t ∈ [0, τ ]. This enables us to define
where τ is chosen so that t ≤ τ < T . Then {W (t)} t∈[0,T ) is a local once integrated C-regularized semigroup having A as a subgenerator.
In the following we deal with the local abstract Cauchy problems (ACP, T ] and (ACP, T ) with 0 < T < ∞ and 0 < T ≤ ∞, respectively. Definition 3.7 [5] . A solution of (ACP, T ] is defined to be a function
The definitions of solutions and mild solutions of (ACP, T ) are similar. 
(ii) (ACP, T ] (resp. (ACP, T )) has a unique mild solution for all x ∈ Im(C).
(iii) All solutions of (ACP, T ] (resp. (ACP, T )) are unique and there is a local mild C-existence family
If , in addition, (A) is nonempty, then (i)-(iv) are equivalent to (v) (ACP, T ] (resp. (ACP, T )) has a unique solution for all x ∈ C(D(A)).
The proof of this theorem is almost the same as those of [8, 
Local integrated semigroups.
In this section we deal with local integrated semigroups. The generator A of a nondegenerate
It is easily seen that y, if it exists, is uniquely determined by x in view of the nondegeneracy of {S(t)} t∈ [0,T ] .
In the following we will only deal with nondegenerate local k-times integrated semigroups. From Definition 2.3, a local integrated semigroup may also have subgenerators. But from [2, Proposition 3.1(d)], all subgenerators are identical. Therefore in the theory of local integrated semigroups, only generators have to be considered. 
(ii) there exist l ∈ N and M > 0 such that
When A generates a local k-times integrated semigroup, l in (ii) may be chosen equal to k. Conversely, if (i) and (ii) are true, k should be greater than l+1. Moreover, when A generates a local k-times integrated semigroup, the domains of solutions of the local abstract Cauchy problem are different from the domains of solutions when (i) and (ii) are true. Therefore [2, Theorems 2.1, 2.2 and Proposition 2.3] are far from an equivalence. Thus it is still necessary to establish a Hille-Yosida type theorem for local integrated semigroups. Such a theorem was given in [14, Theorem 4.7] under the assumption that the generators were densely defined. In the following, we will present another Hille-Yosida type theorem without assuming the generators to be densely defined. We can also see that, by using Lemma 2.5, the proof of the equivalence of (i) and (iii) of the following theorem is straightforward. 
For every t 0 ∈ (0, T ), there exists M t 0 > 0 such that
When (i)-(iii) are true, we have
Proof. (i)⇒(ii). From [2, Theorem 2.1], (A) is nonempty. Fix λ ∈ (A). As in [8, Theorem 18 .3], we define
By using (4.4) and
an induction argument shows that
This implies that {W (t)} t∈[0,T ] is Lipschitz continuous and W (t)A ⊆ AW (t). From
and Lemma 2.5,
= A and [10, Proposition 2.9], we conclude that A is the generator of {W (t)} t∈ [0,T ] .
(ii)⇒(i). Define (see [8, Theorem 18.3] )
Integrate the right-hand side by parts to find
Lemma 2.5 implies that {S(t)} t∈[0,T ] is a local (k + 1)-times integrated semigroup generated by A.
By translating A, we may assume that λ 0 = 0. (4.5) implies that
Hence {S(t)} t∈[0,T ] is Lipschitz continuous. (i)⇒(iii). Similarly to Theorem 3.2, define
). Let α > α, β > β and ω 0 > 0, η 0 > 0 be sufficiently large, and let Γ = Γ 1 ∪ Γ 2 be a contour with 
where V (λ)x is the sum of the last three terms. From the inequality 0 < t 0 < T and (4.1), those two integrals in V (λ) define bounded linear operators on X. Applying (3.3) to e
−λT
and e λt 0 , we conclude that V (λ) satisfies (4.3). Here we applied the following relation to the first term in V (λ):
, together with the last equality, gives rise to
A being closed, we can differentiate both sides n − 1 times in λ and multiply the resulting relation by (−1)
For given t ∈ (0, T ), let v ∈ (0, t] and set λ = n/v. Then integrate the last term in v and take the limit to find
Applying the same argument used in Theorem 3.2 to deal with all other terms in (4.7), we conclude that 2 vanishes then the integrated semigroup generated by A will be exponentially bounded and the equivalence (i)⇔(iii) reduces to Arendt's theorem (see [1] ).
(iii) As regards the local integrated semigroups defined on [0, T ), we also have a remark similar to Theorem 3.6. In order to save space, the details are omitted.
The following theorem states the relationship between the local Cauchy problem (ACP, T ] (resp. (ACP, T )) and the closed operator A generating a local k-times integrated semigroup. Its proof is the same as that of [8, Theorem 18.3] .
Then there exists an injective C ∈ B(X) with dense range such that −A is a subgenerator of a C-regularized semigroup {W (t)} t∈[0,∞) .
Given T > 0, define C := W (T ) and W k (t) := W (kT − t). Then it is easy to show that A is a subgenerator of the local C 
